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In this note we are interested in the determination of sufficient conditions 
for oscillation of regular solutions of second order delay differential inequal- 
ities. As an application we consider second order differential equations. 
Consider the differential inequality 
u”(t) sign f4~dt)) + ~(4 ~~(t>),..., +,(t))) < 0, (1) 
where the function v(t, x1 ,..., x,,J is defined on the domain 
O,<t<+m, --co<“q<+co (i = l,..., m) 
and satisfies local Caratheodory conditions, i.e., it is measurable in t, continu- 
ous m x1 ,..., . 1~ and WS 
cp*(t, Y) = sup{/ p(t, xr ,...) x,)(: / xi 1 < Y (i = l,..., m)} EL(0, a) 
for every Y E (0, + co) and a E (0, + CO), and functions q(t) (i = l,..., m) 
are continuous on [0, + Co), 
Ti(t) < t for t E [0, -/- co) and lim Ti(t) = + cc f-f x (i = I,..., m). 
(2) 
Putting 
To(t) = min(Ti(t): i = l,..., m}, 
T*(t) = infiT,( s > t}. 
(3) 
DEFINITION 1. Assume that t, E [0, + co) and u(t) is any function con- 
tinuously differentiable on [T*(&), + co). u(t) is called a solution of the 
inequality (1) on [t,, , + co), if it is absolutely continuous together with 
u’(t) of each finite segment of the interval [to , + co) and satisfies the inequal- 
ity (1) for almost all t E [to , + co). 
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DEFINITION 2. A function u(t) is called a regular solution of inequality (l), 
if it is a solution of this inequality on some interval [to , + co) and if u(t) + 0 
for t E [a, + 00) for any a E [to, + co). 
DEFINITION 3. A regular solution of inequality (1) is called oscillatory, 
if it has sequence of zeros, convergent to + co and it is called nonoscillatory 
otherwise. 
DEFINITION 4. Let w(t, V) be a function defined on the domain 
0 < t < + co, - co < v < + 00. We say that the equation, 
(dv/dt) = w(t, v), 
has the property S, if for any to E [0, + CD) it possesses no solution defined 
on [to, + 00) and satisfying the condition 
v(t) # 0 for t E [to , + co). 
LEMMA. Let a function a(t) be nonnegative and summable 
segment of the interval [0, + co) and let a function W(V) be 
(- 00, + co> md 
w(v) sign v > 0 for v # 0. 
If in addition 
s -m ds -<+9 I +41 ds 44 ----<+a, -1 1 44 
and 
then the equation, 
has property S. 
s 
+m 
a(s) ds = + co 
0 
(dv/dt) = a(t) w(v), 
(4) 
of each finite 
continuous on 
(5) 
(6) 
(7) 
(8) 
Proof. We assume the contrary, let Eq. (8) have a solution v(t) defined 
on some interval [to , + co) and satisfying condition (4). It is clear, that 
I WI > I Wo)l > 0 for t > to . (9) 
Because of (5), (6) and (9) we obtain 
Idto)1 ds 
+ ,I,"&- s, 
-lo( 
w(s)- SW1 
=M<+co for t 3 t, . 
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On the other hand from (8) we have 
u(t) ds 
s 
t -z.zz dt,) 4) (Y(S) ds for t > f, . to 
Consequently 
But this contradicts the condition (7). This contradiction proves the Lemma. 
THEOREM 1. Let Ta(t) (i = l,..., m) be absolutely continuous nondecreasing 
functiotls, and let the function v(t, xl ,..., x,) satisfy the condition 
0 < 9(tt Xl ,**a, x,) G dt, Yl 9..., Ym) for t > 0, XlXi > 0, 
(i = I,..., m). 
(10) 
Xiyi > 0, 1 Xi ( < Iyi 1 
Then for oscillation of all regular solutions of the inequality (I) it is su@ient 
that the equation, 
(dv/dt) = TO(t) q(t, w ,..., v) sign et, 
has the property S. 
Proof. First of all we shall prove, that 
(11) 
I 
f” 
q,(s) ds, G, ,...I co) ds = + 03 for any co # 0. (12) 
0 
We assume the contrary, let for some co # 0 the condition (12) be violated. 
We choose to E [O, + co) in such a way, that 
I 
f” 
TOGO) > 0 and 70(s) ds, co ,**-, co) ds -=c (I co I/2>- (13) t 
Let w(t) be a solution of the Eq. (11) satisfying the initial condition 
fJ(to> = (co/3 
By (10) it is clear, that 
w(t) sign PO > 0 for t 3 to , 
and in some neighborhood of the point to the inequality, 
I WI -=c I co I 3 
(14) 
(15) 
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is fulfilled. We shall show that v(t) can be extended to the whole interval 
[t, , + 00). In fact in the opposite case we can find such a tl E (t, , + co), 
that 
I WI = I co I > 
and on [to , tl) inequality (15) is fulfilled. According to (10) and (13) from (11) 
we obtain a contradiction 
I co I = I ml = (I co l/2) + ,: To(S) ds, mY.v 4s)) ds 
Q (I co 112) + j-1: TO(S) ds, co ,..., co) ds -c I co I . 
Hence we can extend e)(t) to the whole interval [to, + co). 
On the other hand, since Eq. (11) has the property S it has no solution 
defined on [to , + a~) and satisfying the inequality (14). The contradiction 
obtained proves the validity of condition (12). 
Let us assume now that the inequality (1) has a nonoscillatory regular 
solution u(t). Without loss of generality it can be assumed that u(t) is positive 
for large t, since the case when u(t) is negative can be considered quite simi- 
Iarly. According to (2) and (10) it is easy to show, that 
where to is a sufficiently large number. 
Therefore 
f. TV u”(s) ds = u’(t) I - u’(t,) Ti(to) - /IO u’(s) T;(S) ds 
> u’(t) ri(t) - u’(t,) Ti(to) - j:, t&(s)) T;(S) ds (17) 
= u’(t) Ti(t) - u(T,(t)) $- U(Ti(to)) - u’(to) Ti(to) for t > to. 
If we multiply both sides of the inequality (1) by Ti(t) and integrate from 
to to t, according to Eqs. (3), (10) and (17) we shall obtain 
u(Ti(t)) 3 Tt(t> u’(t) + U(Ti(to)) - T&o) u’(to) 
+ f. To(S) v(S, u(~~(s)),..., ‘&m(s)>> ds (i = I,..., m) for t > to. 
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By Eq. (12) we can find a number t, E [to , + co) such that 
where 
(i := I,..., m), (19) 
Putting 
co = u(q)(t,)) > 0. 
w(t) = min(u(ri(t)): i - l,..., m], 
according to Eqs. (IO), (16) and (19) from (18) we obtain 
~(4 2 6 + /II TO(S) &, w(s),..., w(s)) ds for t > f, . (20) 
Let v(t) be a solution of Eq. (1 I) satisfying the initial condition 
44) = em (21) 
Since Eq. (II) has the property S, the right side maximal segment of 
existence of v(t) is finite. Therefore we can find a number ta E: (tI , + cc) 
such that 
lim e)(t) = + 00. t”tz- (22) 
According to (20)-(22) we can find a point t3 E (tl , t,), such that 
w(l) > v(t) > 0 for tr < t < t, and w(t,) = u(&). 
On the other hand, by Eq. (10) and Eq. (21) it follows from Eq. (11) and 
Eq. (20) that 
0 = w(tg) - v&J 
The contradiction thus obtained proves the theorem. 
COROLLARY 1. Let am (i = l,..., m) be absolutely continuous rumdecreasing 
finctim and Z?ze function a(t) be fwnnegalive and summable on each Jinite 
segment of interval [0, + 00) and let 
Q(S) a(s) ds = + 00, (23) 
0 
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suppose, in addition, that a function q~(x~ ,..., x,) is continuous for 
-co<x,<+m (i = l,..., m), 
0 < ‘PC% ,***> %J < dY1 ,.*.9 Ym) for XlXi > 0, x,yi > 0, 
I%1 GIYil (i = l,..., m) 
and 
Then all regular solutions of the inequality, 
u”(t) sign u(4)) + a(t) du(4)),..., fdT,(t))) < 0, 
are oscillatory. 
(24) 
Proof. To prove the validity of this corollary we shall note that the 
functions a(t) = To(t) a(t) and W(V) = P)(B,..., V) sign w satisfy all the con- 
ditions of the above proved lemma. Consequently the equation, 
(dv/dt) = To(t) a(t) ~(v,..., v) sign ZJ, 
has a property S. Then, according to Theorem 1, all the regular solutions 
of the inequality (24) are oscillatory. 
From the previous corollary we immediately obtain 
COROLLARY 2. h?t ‘ri(t) (i = I,..., m) be absolutely continuous nondecreasing 
functions, let a function a(t) be nonnegative and summable on each finite segment 
of interval [0, + co) and let 
ui > 0 (i = I,..., m), 
Then for all regular solutions of the inequality 
u”(t) sign u(T1(t)) + a(t) fi 1 u(T2(t))loi < 0 
i=l 
to be oscillatory, it is sujkent that the condition (23) is fulfilled. 
Now let us consider the equation 
u”(t) + f (t, u(?(t)),-., u(rA(t))> u’(r&>)>-, u’(rn(t))> = 0, (25) 
where the function f (t, x1 ,..., x, ,yr ,..., y,J is defined on the domain 
O<t<+co, - CO < Xi, yi < + CO (i = l,..., n) and satisfies local 
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Caratheodory conditions, the functions am (i = I,..., rz) are continuous on 
[Q + ~0) and 
Tip) < t for t E [0, + co) and junrn~~(t) = + CO (z’ = I,..., n). I (26) 
Below by D, and D, we denote the sets 
D, = ((4 xl ,..., *n , ~1 ,-..s yn): 0 < t < + co, (I/c) < xi sign x1 < cri(t), 
IYi I < c(i = l,..., a, 
Dm = ((6 xl ,..., x, , ~1 ,..., yn): 0 < t < + Co, 0 < Xi sign xl < + Co, 
1yi 1 < + m (i = I,..., n>>. 
THEOREM 2. Let ~-~(t) (i = I,..., m), where m E {l,..., n}, are absolutely 
continuous nondecreasing functions and suppose that for arbitrary c E (0, + co) 
we canJind such a function vc(xI ,..., x,) defined on the domain 0 < t < + co, 
- co < xi < + co (i = l,..., m), satisfying local Caratheodory conditions, 
that 
0 G dt, Xl ,*-*, %I) < pep, Yl ,...,Ym) fOY t > 0, XlXi > 0, Xiyi > 0, 
I%1 GIYiI (i = I,..., m), (27) 
and on the set D, the inequality 
f(t, xl , . . . . x, , y1 ,. . . . m) sign xl > v& x1 ,..., x,>, (28) 
is fulfilled. Then in order that all regular solutions of the equation (25) were 
oscillatory, it is sujicient for the equation, 
(dv/dt) = To(t) vG(t, v ,..., w) sign v, (29) 
to have the property S, where T,,(t) is the function defined by the equality (3). 
Proof. Since the conditions (27) and (28) are fulfilled for arbitrary 
c E (0, + co), it is clear that 
f(t, Xl ,*--, x, , R ,..., YA sign x1 3 0 for t 2 0, xlxi > 0, 
(30) 
IYil<-t~ (i = l,..., n). 
Now let us assume that Eq. (25) has a nonoscillatory regular solution u(t). 
Then according to (26) and (30) it can be easily shown that for large t the 
condition, 
u(t) # 0, u’(t) sign u(t) > 0, u”(t) sign u(t) < 0, 
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is fulfilled. Therefore it is clear that 
0 < I u(~l(4J)I G u(~dt>> Sign u(~l(t)) G I ~(~i(to>>I -I I U’(TdQ)I Tdt> 
and (31) 
1 +@))I < 1 u’(Ti(to))l (i = l,..., n) for t > t, , 
where t, is a sufficiently large number. 
By (26) it can be supposed that Ti(t) > 1 (i = l,..., n) for t 3 t, . Then 
it follows from (31) that 
(t, u(+)),.-., U(Tn(t)), u’(Tl(t))v-, U’(Tn(t)>) E D, 
where 
for t > t, , (32) 
According to Eqs. (28) and (32) we have 
u”(t) sign +1(t)) + V’c(t, U(+)),--3 U(Tm(t>>) < 0. (33) 
On the other hand, since Eq. (29) has the property S, the inequality (33) 
has no nonoscillatory regular solutions. The contradiction thus obtained 
proves the theorem. 
COROLLARY 1. Let on the set D, the inequality 
f(t, 3 ,... , x, , y1 ,..., m) sign x1 2 44 dxl ,..., x,) 44rl ,..., m), (34) 
be fuljilled, where m E {l,..., n} the function #(yI ,..., y,J is positive and con- 
tinuous on the domain - CO < yi < + CO (i = l,..., n) and let functions 
a(t), dxl ,..., x,) and Ti(t) (i = I,..., m) satisfy the conditions of Cot-ollary 1 
of Theorem 1. Then all the regular solutions of Eq. (25) are oscillatory. 
Proof. Let c be an arbitrary positive number. Put 
and 
rlc = mi4lFrh ,..., Yn>: IYi I < C (i = l,-., n)} 
%k Xl ,.-, x,) = w(t) cph ,-., h). 
Then by (34) it is clear that on the set D, inequality (28) is fulfilled. 
On the other hand, according to the above proved lemma, Eq. (28) has the 
property S. Consequently all conditions of Theorem 2 are fulfilled, which 
proves validity of the present corollary. 
COROLLARY 2. Let on the domain D, the inequality 
f (4 x1 ,*--, %?I , y1 ,.-, m> sign x1 2 4) fi I xt loi #(yl ,.-., yn), 
i=l 
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be fuGlIed, where m E {l,..., n}, oi E (0, + a~) (i = I,..., m), let the function, 
RYl >.**, y,J, be positive and continuous on the domain - co < yi < -t- 03 
(i = l,..., n). Suppose that Ti(t) (i = l,..., m) are absolutely continuous non- 
decreasing functions, the function a(t) is nonnegative and summable on each 
finite segment of the interval [0, + co). Then for all regular solutions of Eq. (25) 
to be oscillatory it is suficient to fulfill one of the following two conditions : 
i 
+m 
To(t) a(t) dt = $- 00, o 
(ii) foi=l, 
i=l 
To(t) I;’ a(t) dt = + co, 
where Q > 0 is an arbitrary small number. 
Proof. If the condition (i) is fulfilled, then validity of Corollary 2 follows 
from Corollary 1 of Theorem 2. 
Let condition (ii) be fulfilled. Then for any c E (0, + cc) we put 
qc = minbfQ, ,..., m): I yi I < c (i = I,..., n>>, 
pc(t, Xl ,***, 
It is clear that on the set D, the inequality (28) is fulfilled and Eq. (29) has the 
property S. Consequently all conditions of Theorem 2 are fulfilled and hence 
Corollary 2 is proved. 
It will be noted that the problem of oscillatory solutions of second order 
differential equations without delay is investigated in detail (see, for instance, 
[l, 2, 4, 51 and the literature mentioned there). 
A number of results on the oscillation of solutions of linear and nonlinear 
delay differential equations are contained in [3] and [6-91. 
From the proof of Theorem 2 and from its corollaries one can obtain some 
results of D. V. Isjumova [4, Theorem 2.11 and 0. N. Odarich and V. N. 
Shevelo [S, Theorem 31. 
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